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Abstract Recently, λ-Bernoulli and λ-Euler numbers are studied in [5, 10]. The purpose
of this paper is to present a systematic study of some families of the q-extensions of the λ-
Bernoulli and the λ-Euler numbers by using the bosonic p-adic q-integral and the fermionic p-adic
q-integral. The investigation of these λ-q-Bernoulli and λ-q-Euler numbers leads to interesting
identities related to these objects. The results of the present paper cover earlier results concerning
q-Bernoulli and q-Euler numbers. By using derivative operator to the generating functions of λ-
q-Bernoulli and λ-q-Euler numbers, we give the q-extensions of Lerch zeta function.
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1. Introduction, Definitions and Notations
Throughout this paper, the symbols Zp,Qp,C and Cp denote the ring of p-adic
rational integers, the field of p-adic rational numbers, the complex number field and
the completion of algebraic closure of Qp, respectively. Let N be the set of natural
numbers.
The symbol q can be treated as a complex number, q ∈ C, or as a p-adic number,
q ∈ Cp. If q ∈ C, then we always assume that |q| < 1. If q ∈ Cp, then we
usually assume that |1 − q|p < 1. Here | · |p stands for the p-adic absolute value
in Cp with |p|p =
1
p . The q-basic natural numbers are defined by [n]q =
1−qn
1−q =
1 + q + q2 + · · · + qn−1 (n ∈ N) and [n]−q =
1−(−q)n
1+q . In this paper, we use the
notation
[x]q =
1− qx
1− q
and [x]−q =
1− (−q)x
1 + q
, see [1-19].
Hence lim
q→1
[x]q = x for any x with |x|p ≤ 1 in the present p-adic case.
For x ∈ Zp, we say that g is a uniformly differentiable function at a point a ∈ Zp,
and write g ∈ UD(Zp), the set of uniformly differentiable function, if the difference
quotients
Fg(x, y) =
g(y)− g(x)
y − x
have a limit l = g′(a) as (x, y)→ (a, a). For f ∈ UD(Zp), the q- deformed bosonic
p-adic integral is defined as
Iq(f) =
∫
Zp
f(x)dµq(x) = lim
N→∞
pN−1∑
x=0
f(x)
qx
[pN ]q
, see [1-19],(1)
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and the q-deformed fermonic p-adic integral is defined by
I−q(f) =
∫
Zp
f(x)dµ−q(x) = lim
N→∞
pN−1∑
x=0
f(x)
(−q)x
[pN ]−q
, (see [1-19]).
For n ∈ N, let fn(x) = f(x+ n). Then
qnI−q(fn) = (−1)
nI−q(f) + [2]q
n−1∑
l=0
(−1)n−1−lqlf(l).(2)
The classical Bernoulli polynomials Bn(x) and the Euler polynomials En(x) are
defined as
t
et − 1
ext =
∞∑
x=0
Bn(x)
tn
n!
and
2ext
et + 1
=
∞∑
x=0
En(x)
tn
n!
.(3)
The Bernoulli numbers Bn and the Euler numbers En are defined as Bn = Bn(0)
and En = En(0), (see [1-19]).
From (1), we note that
qIq(f1) = Iq(f) + (q − 1)f(0) +
q − 1
log q
f ′(0),(4)
for f1(x) = f(x+ 1). By (4), we see that I1(f1) = I1(f) + f
′(0), (see [7]).
Let u be algebraic in Cp (or C). Then the Frobenius-Euler polynomials are
defined as
1− u
et − u
ext =
∞∑
n=0
Hn(u, x)
tn
n!
, (see [5]).(5)
In case x = 0, Hn(u, 0) = Hn(u), which are called the Frobenius Euler numbers.
Let Cpn be the cyclic group consisting of all p
n-th roots of unity in Cp for any
n ≥ 0 and Tp be the direct limit of Cpn with respect to the natural morphisms,
hence Tp is the union of all Cpn with discrete topology.
For λ ∈ Tp with λ 6= 1, if we use (4), then we have∫
Zp
etxλxdµ1(x) =
t
λet − 1
.(6)
From (6), the λ−Bernoulli numbers are defined as
t
λet − 1
= eB(λ)t =
∞∑
n=0
Bn(λ)
tn
n!
, (see [5])(7)
with the usual convention of replacing Bi(λ) by Bi(λ). Thus, Bk(λ) can be deter-
mined inductively by
λ(B(λ) + 1)k −Bk(λ) =
{
1, if k = 1,
0, if k > 1, (see [5]).
(8)
By the definition of the Frobenius-Euler numbers, we see that
t
λet − 1
=
∞∑
m=0
1
(m+ 1)!
·
(m+ 1)Hm(λ
−1)
λ− 1
tm+1, ( see [7]).(9)
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Bm(λ) =
∫
Zp
xmλxdµ1(x) =
m
λ− 1
Hm−1(λ
−1), (see [5]).(10)
We can also easily see that
∫
Zp
λxdµ1(x) = 0 and
etx = lim
m→∞
∑
λ∈Cpm
tλx
λet − 1
=
∞∑
n=0
tn
n!
lim
m→∞
∑
λ∈Cpm
∫
Zp
xmλxdµ1(x)λ
x.
Consequently, we have
xn = Bn(1) +
∑
λ∈Tp
λ6=1
1
λ− 1
Hn−1(λ
−1)λx
= Bn(1) +
∑
λ∈Tp
λ6=1
Bn(λ)
n
λx, ( see [5]).
From (6) and (8), we note that
B0(λ) = 0, B1(λ) =
1
λ− 1
, B2(λ) = −
2λ
(λ− 1)2
, · · · .
The Genocchi numbers are defined by the generating function
2t
et + 1
=
∞∑
n=0
Gn
tn
n!
.
These numbers satisfy the relation G0 = 0, G1 = 1, G3 = G5 = · · · = G2k+1 = 0,
and the even coefficients are Gn = 2(1− 2
n)Bn.
For λ ∈ Cp with |λ| < 1, by (2), we have∫
Zp
λxextdµ−1(x) =
2
λet + 1
.(11)
By (11), we define the λ-Euler numbers as follows :
2
λet + 1
=
∞∑
n=0
En(λ)
n!
tn, (see [7, 9, 10]).(12)
Note that En(λ) =
2
λ+1Hn(−λ
−1).
From (12), we can easily derive∫
Zp
xnλxdµ−1(x) = En(λ) =
2
λ+ 1
Hn(−λ
−1).(13)
The λ-Genocchi numbers are also defined as
t
∫
Zp
xnλxdµ−1(x) =
2t
λet + 1
=
∞∑
n=0
Gn(x)
tn
n!
.
Thus, we have G0(λ) = 0, G1(λ) =
2
λ+1 , · · · , En(λ) =
Gn+1(λ)
n+1 .
In this paper, we study the q-extension of λ-Bernoulli number and λ-Euler num-
bers related to Lerch zeta function. The purpose of this paper is to present a
systematic study of some families of the q-extension of the λ-Bernoulli and λ-Euler
numbers by using the bosonic p-adic q-integral and the ferminionic p-adic q-integral.
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The investigation of these λ-q-Bernoulli and λ-q-Euler numbers leads to interesting
identities related to these objects. The results of the present paper cover earlier
results concerning q-Bernoulli and q-Euler numbers. By using derivative operator
to the generating functions of λ-q-Bernoulli and λ-q-Euler numbers, we can give
the q-extension of Lerch zeta function.
2. q-extension of λ-Bernoulli numbers and polynomials
For λ ∈ Tp, let us consider the q-extension of λ-Bernoulli numbers as follows.
βk,q(λ) =
∫
Zp
λx[x]kqdµq(x).(14)
From (14), we note that
βk,q(λ) = lim
N→∞
1
[pN ]q
pN−1∑
x=0
λx[x]kqq
x
= lim
N→∞
1
[pN ]q
pN−1∑
x=0
(λq)x(
k∑
l=0
(
k
l
)
(−1)lqlx)
1
(1 − q)k
=
1− q
(1− q)k
k∑
l=0
(
k
l
)
(−1)l
1− (λql+1)p
N
1− λql+1
=
1
(1− q)k−1
k∑
l=0
(
k
l
)
(−1)l
l + 1
1− λql+1
.
Therefore, we obtain the following theorem.
Theorem 1. For k ∈ N ∪ {0} and λ ∈ Tp , we have
βk,q(λ) =
1
(1 − q)k−1
k∑
l=0
(
k
l
)
(−1)l
l + 1
1− λql+1
.
Let F (t, λ : q) be the generating functions of βn,q(λ) with
F (t, λ : q) =
∞∑
n=0
βn,q(λ)
tn
n!
.
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F (t, λ : q) =
∞∑
n=0
βn,q(λ)
tn
n!
=
∫
Zp
λxe[x]qtdµq(x)
=
∞∑
n=0
∫
Zp
λx[x]nq dµq(x)
tn
n!
=
∞∑
k=0
{
1
(1− q)k−1
k∑
l=0
(
k
l
)
(−1)l(l + 1)
∞∑
m=0
λmq(l+1)m}
tk
k!
(15)
=
∞∑
k=0
1
(1− q)k−1
∞∑
m=0
λm
k∑
l=0
(
k
l
)
(−1)l(l + 1)q(l+1)m
tk
k!
=
∞∑
k=0
1
(1− q)k−1
∞∑
m=0
qmλm
k∑
l=0
l
(
k
l
)
(−1)lqlm
tk
k!
+
∞∑
k=0
1
(1− q)k−1
∞∑
m=0
qmλm
k∑
l=0
(
k
l
)
(−1)lqlm
tk
k!
.
Since l
(
k
l
)
= k
(
k−1
l−1
)
, the first term of the last equation in (15) equals
∞∑
m=0
qmλm{
∞∑
k=0
1
(1− q)k−1
k∑
l=1
(
k − 1
l − 1
)
(−1)lqlm}
tk
(k − 1)!
= −
∞∑
m=0
q2mλm{
∞∑
k=1
1
(1− q)k−1
k−1∑
l=0
(
k − 1
l
)
(−1)lqlm}
tk
(k − 1)!
(16)
= −t
∞∑
m=0
q2mλm
∞∑
k=0
[m]kq
tk
k!
= −t
∞∑
m=0
q2mλme[m]qt.
The second term of the last equation in (15) equals
∞∑
k=0
1
(1− q)k−1
∞∑
m=0
qmλm(1 − qm)k
tk
k!
= (1− q)
∞∑
m=0
qmλm
∞∑
k=0
[m]kq
tk
k!
= (1− q)
∞∑
m=0
qmλme[m]qt.(17)
From (15), (16) and (17), we obtain the following proposition.
Proposition 2. Let F (t, λ : q) =
∑∞
n=0 βn,q(λ)
tn
n! . Then we have
F (t, λ : q) = −t
∞∑
m=0
q2mλme[m]qt + (1− q)
∞∑
m=0
qmλme[m]qt.
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Since q2m = qm{[m]q(q − 1) + 1}, it follows that
βk,q(λ) =
dkFq(t, λ : q)
(dt)k
|t=0
= −k
∞∑
m=0
q2mλm[m]k−1q + (1 − q)
∞∑
m=0
qmλm[m]kq
= −k(q − 1)
∞∑
m=0
qmλm[m]kq − k
∞∑
m=0
qmλm[m]k−1q + (1− q)
∞∑
m=0
qmλm[m]kq
= (1 − q)(k + 1)
∞∑
m=0
qmλm[m]kq − k
∞∑
m=0
qmλm[m]k−1q .
Therefore, we obtain the following theorem.
Theorem 3. For k ∈ N ∪ {0} and λ ∈ Tp , we have
βk,q(λ) = (1− q)(k + 1)
∞∑
m=0
qmλm[m]kq − k
∞∑
m=0
qmλm[m]k−1q .
Now we consider another q-extension of λ-Bernoulli numbers as follows.
Bn,q(λ) =
∫
Zp
q−xλx[x]nq dµq(x).(18)
From (18), we can derive
Bn,q(λ) =
∫
Zp
q−xλx[x]nq dµq(x)
=
1
(1− q)n
n∑
l=0
(
n
l
)∫
Zp
q−x(−1)lλxqlxdµq(x)
=
1
(1− q)n−1
n∑
l=0
(
n
l
)
(−1)l
l
1− λql
.
Thus, we obtain the following theorem.
Theorem 4. For n ∈ N ∪ {0} and λ ∈ Tp , we have
Bn,q(λ) =
1
(1 − q)n−1
n∑
l=0
(
n
l
)
(−1)l
l
1− λql
.
Let F ∗(t, λ : q) be the generating functions of Bn,q(λ) with
F ∗(t, λ : q) =
∞∑
n=0
Bn,q(λ)
tn
n!
.
7Then we have
F ∗(t, λ : q) =
∞∑
n=0
Bn,q(λ)
tn
n!
=
∫
Zp
q−xλxe[x]qtdµq(x)
=
∞∑
n=0
{
∫
Zp
q−xλx[x]nq dµq(x)}
tn
n!
=
∞∑
n=0
{
1
(1− q)n−1
n∑
l=0
(
n
l
)
(−1)l
l
1− λql
}
tn
n!
=
∞∑
n=0
{
1
(1− q)n−1
n∑
l=0
(
n
l
)
(−1)ll
∞∑
m=0
λmqlm}
tn
n!
=
∞∑
m=0
λm{
∞∑
n=1
n
(1− q)n−1
n∑
l=1
(
n− 1
l − 1
)
(−1)lqlm}
tn
n!
= −
∞∑
m=0
λmqm
∞∑
n=1
n
(1− q)n−1
(1− qm)n−1
tn
n!
= −
∞∑
m=0
λmqm
∞∑
n=0
(1− qm)n
(1 − q)n
tn+1
n!
= −t
∞∑
m=0
λmqme[m]qt.
Therefore we obtain the following lemma.
Lemma 5. Let F ∗(t, λ : q) =
∑∞
n=0Bn,q(λ)
tn
n! . Then we have
F ∗(t, λ : q) = −t
∞∑
m=0
λmqme[m]qt.
We also have
Bk,q(λ) =
dkFq(t, λ : q)
(dt)k
|t=0 = −k
∞∑
m=0
qmλm[m]k−1q .
Therefore we obtain the following theorem.
Theorem 6. For k ∈ N ∪ {0} and λ ∈ Tp , we have
Bk,q(λ) = −k
∞∑
m=0
qmλm[m]k−1q .
3. q-extension of λ-Euler numbers and polynomials
In this section, we assume that p is an odd prime number and λ ∈ Cp with
|1 − λ|p < 1. By using the fermionic p-adic q-integral on Zp, we consider the
q-extensions of λ-Euler numbers as follows.
For n ∈ N ∪ {0}, we define the q−extension of λ-Euler numbers as
En,q(λ) =
∫
Zp
q−xλx[x]nq dµ−q(x).(19)
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From (19), we note that
En,q(λ) =
∫
Zp
q−xλx[x]nq dµ−q(x)
= lim
N→∞
1 + q
1 + qpN
pN−1∑
x=0
(−1)x[x]nq λ
x
=
[2]q
2
1
(1− q)n
n∑
l=0
(
n
l
)
(−1)l lim
N→∞
1 + qp
N
λp
N
1 + qlλ
=
[2]q
2
1
(1− q)n
n∑
l=0
(
n
l
)
(−1)l
2
1 + qlλ
=
[2]q
(1− q)n
n∑
l=0
(
n
l
)
(−1)l
1
1 + qlλ
.
Therefore we obtain the following theorem.
Theorem 7. For n ∈ N ∪ {0}, we have
En,q(λ) =
[2]q
(1− q)n
n∑
l=0
(
n
l
)
(−1)l
1
1 + qlλ
.
Let g(t, λ : q) be the generating function of En,q(λ) with
g(t, λ : q) =
∞∑
n=0
En,q(λ)
tn
n!
.
Then we have
g(t, λ : q) =
∞∑
n=0
En,q(λ)
tn
n!
=
∫
Zp
q−xλxe[x]qtdµ−q(x)
=
∞∑
n=0
{
∫
Zp
q−xλx[x]nq dµ−q(x)}
tn
n!
= [2]q
∞∑
n=0
{
1
(1− q)n
n∑
l=0
(
n
l
)
(−1)l
1
1 + λql
}
tn
n!
= [2]q
∞∑
n=0
1
(1− q)n
n∑
l=0
(
n
l
)
(−1)l{
∞∑
m=0
(−1)mλmqlm}
tn
n!
= [2]q
∞∑
m=0
(−1)mλm
∞∑
n=0
1
(1− q)n
n∑
l=0
(
n
l
)
(−1)lqlm
tn
n!
= [2]q
∞∑
m=0
(−1)mλm
∞∑
n=0
[m]nq
tn
n!
= [2]q
∞∑
m=0
(−1)mλme[m]qt.
Thus, we have the following lemma.
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∞∑
n=0
En,q(λ)
tn
n! . Then we have
g(t, λ : q) = [2]q
∞∑
m=0
(−1)mλme[m]qt.(20)
By (20), we can also consider the λ-q-Genocchi numbers as follows.
t
∫
Zp
q−xλxe[x]qtdµ−q(x) = [2]qt
∞∑
m=0
(−1)mλme[m]qt =
∞∑
n=0
Gn,q(λ)
tn
n!
.(21)
From (21), we note that G0,q(λ) = 0 and∫
Zp
q−xλx[x]nq dµ−q(x) =
Gn+1,q(λ)
n+ 1
.
Thus, we see that
En,q(λ) =
∫
Zp
q−xλx[x]nq dµ−q(x) =
Gn+1,q(λ)
n+ 1
.
Hence
Gn,q(λ) = [2]q
n
(1− q)n−1
n−1∑
l=0
(
n− 1
l
)
(−1)l
1
1 + qlλ
,
where n = 1, 2, 3, · · · . Indeed,
G1,q(λ) =
[2]q
1 + λ
,
G2,q(λ) =
2[2]q
1− q
1∑
l=0
(
1
l
)
(−1)l
1
1 + qlλ
=
[2]q
1− q
(
2
1 + λ
−
2
1 + qλ
)
= −2[2]q(
λ
(1 + λ)(1 + qλ)
).
Now, we consider the q-extension of λ-Euler polynomials as follows.
En,q(λ, x) =
∫
Zp
q−yλy [x+ y]nq dµ−q(y).(22)
From (22), we can easily derive
En,q(λ, x) =
[2]q
(1 − q)n
n∑
l=0
(
n
l
)
(−1)lqlx
1
1 + qlλ
.
Let g(x, λ : q) =
∞∑
n=0
En,q(λ, x)
tn
n! . Then we have
g(x, λ : q) =
∞∑
n=0
En,q(λ, x)
tn
n!
=
∫
Zp
q−yλye[x+y]
t
qdµ−q(y)
=
∞∑
n=0
[2]q
(1− q)n
n∑
l=0
(
n
l
)
(−1)lqlx(
∞∑
m=0
(−1)mqmlλm)
tn
n!
= [2]q
∞∑
m=0
(−1)mλme[m+x]qt.
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It follows that
En,q(λ, x) =
dn(g(x, λ : g))
(dt)n
|t=0 = [2]q
∞∑
m=0
(−1)mλm[m+ x]nq .
Then we obtain the following theorem.
Theorem 9. For n ∈ N ∪ {0}, we have
En,q(λ, x) = [2]q
∞∑
m=0
(−1)mλm[m+ x]nq .
By the same method, we consider the λ-q-Genocchi polynomials as follows.
t
∫
Zp
q−xλxe[x+y]qtdµ−q(x) = [2]qt
∞∑
m=0
(−1)mλme[m+x]qt(23)
=
∞∑
n=0
Gn,q(λ, x)
tn
n!
.
By (23), we see
En,q(λ, x) =
∫
Zp
q−yλy[x+ y]nq dµ−q(y) =
Gn+1,q(λ, x)
n+ 1
(24)
and G0,q(λ, x) = 0. From the definition of λ-q-Euler polynomials, we derive
En,q(λ, x) =
∫
Zp
q−yλy[x+ y]nq dµ−q(y)
=
n∑
l=0
(
n
l
)
[x]n−lq q
lx
∫
Zp
q−yλy[y]lqdµ−q(y)(25)
=
[2]q
[2]qd
[d]nq
d−1∑
a=0
(−1)aλa
∫
Zp
q−dyλdy[
x+ a
d
+ y]nqddµ−q(y, )
for d ∈ N with d ≡ 1 ( mod 2). By (25), we see that
En,q(λ, x) = =
n∑
l=0
(
n
l
)
[x]n−lq q
lxEl,q(λ, x)
=
[2]q
[2]qd
[d]nq
d−1∑
a=0
(−1)aλaEn,qd(λ
d,
x+ a
d
).
It is easy to see that
qI−q(f1) + I−q(f) = [2]qf(0),
where f1(x) = f(x+ 1). Thus, we have
q
∫
Zp
q−y−1λy+1[x+ 1 + y]nq dµ−q(y) +
∫
Zp
q−yλy[x+ y]nq dµ−q(y) = [2]q[x]
n
q .
Therefore, we obtain the following theorem.
Theorem 10. For n ∈ N ∪ {0}, we have
λEn,q(λ, x + 1) + En,q(λ, x) = [2]q[x]
n
q .
By Theorem 10 and (24), we have the following result.
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Corollary 11. For n ∈ N ∪ {0}, we have
λGn,q(λ, x+ 1) +Gn,q(λ, x) = [2]qn[x]
n−1
q .
It is easy to see that
∂
∂x
[x+ y]nq = n[x+ y]
n−1
q
log q
q − 1
qx+y
= n log q [x+ y]n−1q +
log q
q − 1
n[x+ y]n−1q .
From (22), we note that
∂
∂x
En,q(λ, x) =
∂
∂x
∫
Zp
q−yλy[x+ y]nq dµ−q(y).(26)
The right side of (26) equals
n log q
∫
Zp
q−yλy[x+ y]nq dµ−q(y) +
log q
q − 1
n
∫
Zp
q−yλy [x+ y]nq dµ−q(y)
= n log q En,q(λ, x) +
log q
q − 1
nEn−1,q(λ, x).
Therefore, we obtain the following lemma.
Lemma 12. For n ∈ N, we have
∂
∂x
En,q(λ, x) = n log q En,q(λ, x) +
log q
q − 1
nEn−1,q(λ, x).
Remark 1. Note that
∂
∂x
Gn,q(λ, x) = nEn−1,q(λ, x)
=
n
(1 − q)n−1
[2]q
n−1∑
l=0
(
n− 1
l
)
(−1)lqlx
1
1 + qlλ
.
Remark 2. Note that
En,q(λ, dx) =
∫
Zp
q−yλy[dx+ y]nq dµ−q(y)
= [d]nq
[2]q
[2]qd
n−1∑
a=0
(−1)aλa
∫
Zp
[x+
a
d
+ y]nqdλ
dyq−dydµ−qd(y)
= [d]nq
[2]q
[2]qd
n−1∑
a=0
(−1)aλaEn,qd(λ
d, x+
a
d
),
for d ∈ N with d ≡ 1( mod 2).
For n ∈ N, it is known that
qnI−q(fn) = (−1)
nI−q(f) + [2]q
n−1∑
l=0
(−1)n−1−lqlf(l), (see [7]),(27)
where fn(x) = f(x+ n). By (27), we obtain the following lemma.
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Lemma 13. For n ∈ N, we have
qnI−q(fn) + (−1)
n−1I−q(f) = [2]q
n−1∑
l=0
(−1)n−1−lqlf(l).
For n ≡ 1( mod 2), we also have
qnI−q(fn) + I−q(f) = [2]q
n−1∑
l=0
(−1)lqlf(l).
If we take f(x) = λxq−x[x]mq with m ∈ N ∪ {0}, then we see that
qn
∫
Zp
q−x−nλx+n[x+ n]mq dµ−q(x) +
∫
Zp
q−xλx[x]mq dµ−q(x) = [2]q
n−1∑
l=0
(−1)lλl[l]mq .
Thus we have
Em,q(λ, n) + Em,q(λ) = [2]q
n−1∑
l=0
(−1)lλl[l]mq .
For m ≡ 1( mod 2), we note that
En,q(λ, dx) =
[2]q
[2]qm
[m]nq
m−1∑
a=0
(−1)aλaEn,qm(λ
m,
a
m
)
=
[2]q
[2]qm
[m]nq
n∑
a=0
(−1)aλa
n∑
l=0
(
n
l
)
(
[a]q
[m]q
)n−lqlaEn,qm(λ
m,
a
m
)
=
[2]q
[2]qm
n∑
l=0
(
n
l
)
[m]lqEl,qm(λ
m)
m−1∑
a=0
(−1)aλaqla[a]n−lq .
Remark 3. Note that
Gm+1,q(λ, n)
m+ 1
+
Gm+1,q(λ)
m+ 1
= [2]q
n−1∑
l=0
(−1)aλa[l]mq .
Now we can also consider the following DC type λ-q-Euler numbers and poly-
nomials. For λ ∈ Cp with |1 − λ|p < 1, we define the DC type λ-q-Euler numbers
as
E∗n,q(λ) =
∫
Zp
λx[x]nq dµ−q(x)
=
[2]q
(1 − q)n
n∑
l=0
(
n
l
)
(−1)l
1
1 + ql+1λ
= [2]q
∞∑
m=0
(−1)mλmqm[m]nq .
Let g∗(t, λ : q) =
∑∞
n=0E
∗
n,q(λ)
tn
n! . Then we see that
g∗(t, λ : q) =
∫
Zp
λxe[x]qtdµ−q(x) = [2]q
∞∑
m=0
(−1)mλmqme[m]qt.
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The DC type λ-q-Euler polynomials are also defined as
E∗n,q(λ, x) =
∫
Zp
λy[x+ y]nq dµ−q(y)
=
[2]q
(1− q)n
n∑
l=0
(
n
l
)
(−1)lqlx
1
1 + ql+1λ
= [2]q
∞∑
m=0
(−1)mλmqm[m+ x]nq .
Thus we can give the generating function of the DC type λ-q-Euler polynomials
as follows.
∞∑
n=0
E∗n,q(λ, x)
tn
n!
=
∫
Zp
λye[x+y]qtdµ−q(y) = [2]q
∞∑
m=0
(−1)mλmqme[m+x]qt.
4. Further Remarks and Observation for the q-extension Lerch zeta
function
In this section, we assume that q ∈ C with |q| < 1. It is well-known that Lerch
type zeta function is defined as
ζ(x, s, a) =
∞∑
n=0
xn
(n+ a)s
,
where a ∈ C with a 6= 0,−1,−2, · · · , and s ∈ C when |x| < 1, Re(S) > 1 when
|x| = 1, and Hurwitz zeta function is defined as
ζ(s, a) =
∞∑
n=0
1
(n+ a)s
,
where Re(S) > 1 and a 6= 0,−1,−2, · · · . The Lerch zeta functin is known that
ζ(s, η) =
∞∑
n=0
e2piiη
ns
= e2piiηζ(e2piiη, s, 1),
where η ∈ R and Re(S) > 1.
Now we consider the first kind of the q-extension of Lerch type zeta function as
follows.
ζq(λ, s) = (1− q)
2− s
s− 1
∞∑
m=1
qmλm
[m]s−1q
+
∞∑
m=1
qmλm
[m]sq
,(28)
where q ∈ C with |q| < 1, and λ ∈ C with λ = e2pii/f (f ∈ N).
By Theorem 3, we see that
−
βk,q(λ)
k
= (q − 1)
k + 1
k
∞∑
m=1
qmλm[m]kq +
∞∑
m=1
qmλm[m]k−1q ,(29)
for k ∈ N.
By (28) and (29), we obtain the following theorem.
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Theorem 14. For k ∈ N, we have
ζq(λ, 1 − k) = −
βk,q(λ)
k
.
Now, we define the second of the q-extension of Lerch zeta function as follows.
For s ∈ C and λ = e2pii/f (f ∈ N), define
ζ∗q (λ, s) =
∞∑
m=1
qmλm
[m]sq
.(30)
By Theorem 6, we easily see that
−
βk,q(λ)
k
=
∞∑
m=1
qmλm[m]k−1q .(31)
By (30) and (31), we obtain the following theorem.
Theorem 15. For k ∈ N, we have
ζ∗q (λ, 1 − k) = −
βk,q(λ)
k
.
Remark 4. The extension of Hurwitz’s type q-Euler zeta function is defined as
ζq,E(λ, s) = [2]q
∞∑
m=0
(−1)mλm
[m+ x]sq
,
where s ∈ C, λ ∈ C with λ = e2pii/f (f ∈ N). Then we have
ζq(λ, 1− k) = Ek,q(λ, x), (k ∈ N).
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